
408 E X A C T  J O I N T  P R O B A B I L I T Y  D I S T R I B U T I O N  

References 
ABRAMOWITZ, M. & STEGUN, I. (1972). Handbook of Mathemati- 

cal Functions. New York: Dover. 
BERTAUT, E. F. (1955a). Acta Cryst. 8, 537-550. 
BERTAUT, E. F. (1955b). Acta Cryst. 8, 823-832. 
COCHRAN, W. & WOOLFSON, M. M. (1955). Acta Cryst. 8, 1-12. 
CRAMER, H. (1951). Mathematical Methods of Statistics. Princeton 

Univ. Press. 
GIACOVAZZO, C. (1978). Acta Cryst. A34, 562-574. 
GXACOVAZZO, C. (1980). Direct Methods in Crystallography. New 

York: Academic Press. 
GRADSHTEYN, I. S. & RYZHIK, I. M. (1980). Tables of Integrals, 

Series and Products. New York: Academic Press. 
HARKER, D. & KASPER, J. S. (1948). Acta Cryst. 1, 70-75. 
HAUr'TMAN, H. (1964). Acta Cryst. 17, 1421-1433. 
HAUPTMAN, H. & KARLE, J. (1952). Acta Cryst. 5, 48-59. 
HAUPTMAN, H. & KARI.E, J. (1953). Solution of the Phase Problem. 

L The Centrosymmetric Crystal. ACA Monograph No. 3. 
Pittsburgh: Polycrystal Book Service. 

HAUPTMAN, H. & KARLE, J. (1959). Acta Cryst. 12, 846-850. 
International Tables for X-ray Crystallography (1952). Vol. I. Bir- 

mingham: Kynoch Press. 
KENDALL, M. G. & STUART, A. (1963). The Advanced Theory of 

Statistics, Vol. 1, 3rd ed. London: Charles Gritfin. 

K.LUG, A. (1958). Acta Cryst. 11, 515-543. 
SHMUELI, U. (1979). Acta Cryst. A35, 282-286. 
SHMUELI, U. (1982). Acta Cryst. A38, 362-371. 
SHMUELI, U. & KALDOR, U. (1981). Acta Crvst. A37, 76-80. 
SHMUELI, U. • KALDOR, U. (1983). Acta Cryst. A39, 619- 

621. 
SHMUELI, U. & WEISS, G. H. (1985). In preparation. 
SHMUELI, U., WEISS, G. H. ~; KIEFER, J. E. (1985). Acta Cryst. 

A41, 55-59. 
SHMUELI, U., WEISS, G. H., KIEFER, J. E. & WILSON, A. J. C. 

(1984). Acta Cryst. A40, 651-660. 
SHMUELI, U. & WILSON, A. J. C. (1981). Acta Cryst. A37, 342- 

353. 
VAND, V. & PEPlNSKY, R. (1953). The Statistical Approach to 

X-Ray Structure Analysis. Pennsylvania State Univ. Press. 
WEISS, G. H. & KIEFER, J. E. (1983). J. Phys. A, 16, 489-495. 
WEISS, G. H., SHMUELI, U., KIEFER, J. E. & WILSON, A. J. C. 

(1984a). Acta Cryst. A40, C419. 
WEISS, G. H., SHMUELI, U., KIEFER, J. E. & WILSON, A. J. C. 

(1984b). In Structure and Statistics in Crystallography, edited by 
A. J. C. WILSON. New York: Adenine Press. In the press. 

WILSON, A. J. C. (1949). Acta Cryst. 2, 318-321. 
WILSON, A. J. C. (1952). Nuovo Cimento, 9, 50-55. 
WILSON, A. J. C. (1981). Acta Cryst. A37, 808-810. 

Acta Cryst. (1985). A41, 408-413 

One-Wavelength Technique: Some Probabilistic Formulas Using the 
Anomalous Dispersion Effect 

BY G.  CASCARANO AND C.  GIACOVAZZO 

Centro di Ricerca Interdipartimentale di Cristallografia, Universit?t di Bari, 70121 Bari, and Dipartimento 
Geomineralogico, Universit?t Piazza Umberto I, 1-70121, Bari, Italy 

(Received 16 November 1984; accepted 14 March 1985) 

Abstract 

The  m e t h o d  o f  j o i n t  p robab i l i t y  d is t r ibu t ions  has  been  
app l i ed  to s t ruc ture  factors  in order  to assign the 
phases  re la t ive  to the  comple t e  s t ructure  w h e n  the  
phases  c o r r e s p o n d i n g  to the a n o m a l o u s  scat terers  are 
known.  Fo rmu la s  have  been  o b t a i n e d  tha t  genera l ize  
Sim's  [Acta Cryst. (1959), 12, 813-815] d i s t r ibu t ion  
to the  case in wh ich  the a n o m a l o u s  d i spers ion  effect 
is present .  

P, q 

N 

f = f ' + i f "  

F +, F -  

F ; ,  F-p, F~,  F~ 

Notation 

n u m b e r  o f  a n o m a l o u s  and  non-  
a n o m a l o u s  scatterers respec- 
t ively in the  uni t  cell 
n u m b e r  o f  a toms in the  un i t  cell 
(N=p+q)  
general expression for the 
atomic scattering factor 
structure factors of the 
reflexions h and -h respectively 
structure factors of the p 
anomalous scatterers and of the 
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F, 

F'p, Fp 

N 

- ( f j  + f j )  
j= l  

q n o n - a n o m a l o u s  scat terers  for  
the  ref lexions h and  - h  respec-  
t ively 
s t ructure  fac tor  ( imag ina ry  com- 
p o n e n t  o f  a n o m a l o u s  d i spers ion  
omi t t ed)  
con t r i bu t i on  o f  a n o m a l o u s  scat- 
terers due  to the real  and  to the 
imag ina ry  c o m p o n e n t  o f  
a n o m a l o u s  d i spers ion  

P 
f~ = ~ f~ exp 27rihrj, 

j= l  

P 
F~ = ~, f j '  exp 2 zrihrj 

j= l  

average value oflFd 2 at given ]hi 

~s = fs l  T.II2 

! ## ~j, ~Oj 
R = F/Y 112 

normalized scattering factor of 
the j th atom 
real and imaginary parts of cj 
normalized structure factor 
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R +, 0 +, R - ,  O- normalized structure factor and 
phase of the reflexion h and - h  
respectively 

Rp = Fp/~ 1/2 pseudo-normalized structure 
factor ((R2) < 1) 

Rp, Op, + Rp, Op pseudo-normalized structure 
factor and phase of the p 
anomalous scatterers for the 
reflexion h and - h  respectively 

Ii(x) modified Bessel function of 
order i calculated at x 

Dl(x) =II(x)/Io(x) ratio of modified Bessel func- 
tions of order 1 and 0 

cs, ncs centrosymmetric, non-centro- 
symmetric 

Other locally used symbols are defined in the text. 

1. Introduction 

Joint probability distribution methods have already 
been applied by several authors to structure factors 
with complex scattering factors (see Srinivasan & 
Parthasarathy, 1976, and literature there quoted; 
Kroon, Spek & Krabbendam, 1977; Heinerman, 
Krabbendam, Kroon & Spek, 1978). The advent of 
synchrotron radiation as a tunable source for X-ray 
diffraction experiments has opened new prospects for 
the methods using anomalous dispersion, and 
encouraged further efforts. New probabilistic 
approaches have recently been described by Haupt- 
man (1982) and Giacovazzo (1983) for the estimation 
of two-phase and three-phase invariants, and by Cas- 
carano & Giacovazzo (1984) for the estimation of the 
'best' coefficients for a Patterson synthesis devoted 
to finding the positiohs of the anomalous scatterers. 

In this paper new probabilistic formulas are 
obtained, which may find useful application in the 
procedures for the X-ray analysis of crystals when 
the positions of the anomalous scatterers are known 
and we look for the complete structure. For the sake 
of brevity we will give here only the final formulas: 
for the mathematical approach the reader is referred 
to a recent book (Giacovazzo, 1980). The practical 
applications of the formulas are given in § 5. 

2. The joint probability distribution 

P(R+,R-,R~,R;,O+,O-,O~,O;) 
Let p+, p-,  p+, p; ,  tp +, 0 - , O p ,  O~, be carrying 
variables associated with R ÷, R Rp, 0 ÷, 0-, 
0 +, 0p respectively. By standard techniques (see 
Giacovazzo, 1980) we obtain the following general 
expression for the joint probability distribution 
function: 

P(R +, R-,  Rp, R-~, 0 +, 0-, Op, 0-~) 

: [R +R-R +R-J (2~r) 8] 

where 

J 0  JO ~0  + -- + --  . . . . . .  p P PpPp 
xexp{-i[R+p + cos (O + - ~b +) 

+ R - p -  cos(0- - 0-)  

+ g~p~ cos(0+-  ~+) + R~p~ cos(O~-- 0~-)] 

_ ¼[(p+)2 + (p-)2 + z , ( p ; ) 2  + 

+ ½[-Izd p+p- cos(0 + + 0 -  - 

- z , p + p ;  cos(q,+-  0 ; )  

-IZalp+p-p cos(0 + + Op-- st4) 

- Iz ,  I p - p ;  cos (0 -  + 0 ; -  

-z ,p p,, 

-[Z41Pppp + - cos(Op- + ~b~- - ~4) ]} 

xdp + dp-dp-~ dpp dO+. . ,  dO;, (1) 

N N N 
2 Izd exp(i~:,) = X ~oj X ,2 _,,2, = (~pj - + 2 i  E " "  ~Gj ) ~ j ~ j  , 

j = l  j = l  j = l  

P P P 
2 IZ4I exp(i~:4) = )-, ~j ~ t2  - "  ( ~ 0 j  - -  _ ' , 2 ,  ~oj )+2i ~, - ' -"  ~Oj ~Oj , 

j----1 j----1 j = l  

P P P 
Zg= Y~ ~oA0*= Y. I~jl 2 -  Y~ (~j2+ _',2, ~oj ). 

j = l  j = l  j = l  

Equation (1) is the source of the various distributions 
calculated in this paper but it will never be calculated 
in practice. Indeed, among the complex variates F +, 
F- ,  F~-, F~ algebraical relations exist depending on 
the actual crystal structure. Let us suppose, for 
example, that F +, F -  and Fp are known. Since 

F + = F'p++Fq+i lz'',+_~, , (F-)* = F'p++Fq -'~''+ r̀p , (2) 

where (F-)*  is the complex conjugate of F - ,  we have 

F+-(F-)*=2iFp +. (3) 

According to (3), --p/~',+ is completely defined by F + 
and F- .  

In its turn Fp is unequivocally defined by/7,,+ and - - p  
+ 

Fp, so that F~ is fixed too. In practice only the 
marginal distributions P( E +, E-,  E~) or 
P(E +, E-,  Ep) or . . .  have to be calculated, which 
can be readily derived from (1) by putting to zero 
suitable terms of the distribution. If only one type 
of anomalous scatterer is present and F~ is known, 
then F~- is consequently determined: F~- = 

' + i  ' F "+ ' " " " ( f  ~ ) 1, I f .  Therefore, the distribution 
P(F +, F-, Fp) reduces to the simpler distribution 
P(F +, F - )8 (F~-y ) ,  where y= - i ( f '  + if") 
x[F+-(F-)*]/(2f") .  For the same reasons the 

distribution P(F ÷, F-, F-~) reduces to the distri- 
bution P(F ÷, F-) times a suitable delta function. The 
above considerations find a numerical counterpart in 
the fact that Z1, Z4, Z9 are connected by special 
relationships if the number of types of anomalous 
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scatterers is smaller than two: for example, [Za[ = Z9 
if only one type of anomalous scatterer is present. 

In conclusion, in this paper we will derive the joint 
probability distributions: 

(a) P(R ÷, R-, 0 +, 0-), P(R ÷, R~, 0 ÷, Op),... 
when only one type of anomalous scatterer is present; 

+ + + (b) P(R +, R-, R;, Or, 0 , 0-, ... Op), when at 
least two types of anomalous scatterers are present. 

3. Joint probability distribution functions when only 
one type of anomalous scatterer is present 

Let us suppose that only one type of anomalous 
scatterer is present. Lengthy calculations led us to 
isolate the following joint probability distributions, 
whose use depends on the available a priori informa- 
tion and on the purposes one wants to achieve. 

(a) P(R +, R-, 0 +, O-) 

12[  _R+R-] exp { (R+) 2 
1-1Z, l=J 1 - 1 z ,  I = 

(R-)2 2[Z'IR+R- " + 1 
I_IZ,  I 2 v ~--]~/~12 cos(O +O--~S,)j. 

(4a) 

Equation (4a) was first derived by Hauptman (1982) 
and independently by Giacovazzo (1983). It appears 
now as one of the various distributions that our 
method is able to calculate. 

(b) P(R +, R~, 0 +, Op) 

, r q xp( 
-- ~ LZ9(1- z9)J t ] - Z  

(R+) 2 2 
b 

z9(1- z9) l-Z9 

(c) P(R +, Rp, 0 +, 0;) 

(d) 

R+Rp cos(0+- 0;)}. 
(4b) 

(e) 

1 [ R+R-t; ]exp I (R+) 2 

(Rp) 2 2R+Rp cos(0+ + 0p _ ~:4)}. 
Z9(1-Z9) 4- l - Z 9  

(4c) 

P( R-, R +, 0-, Op +) 

= r---/I_Z9(I_Zg)j exp - ~  

(R-) 2 

1-z~ 

(R~) 2 2R-Rp cos(0-+ s~4)l 
- Z g ( 1 - Z 9 )  + 1-----~9 0 p -  )" 

(4d) 

P(R-,Rp,  O-,Op) 
1 [ R-R; ] { (R-) 2 

- 2 L Z ~ _ ~ 9 ) ]  exp 1 - z 9  

(Rp) 2 2R-Rp c o s ( 0 - -  0p)}. 
Z9(1-Zg) t- l - Z 9  

(4e) 

Numerous conditional and (or) marginal distibutions 
of (4a)-(4e) can be readily derived by standard tech- 
niques, which for brevity are not given here. We only 
quote those conditional distributions that can usefully 
be applied in the standard procedures for phase sol- 
ution, in particular the conditional distributions of 
0 = 0  ++0% 0 , = 0  + -0~ ,  0 2 = 0  ++0 ; ,  03= 

+ O-+Op, 04=0 -0~. 
Let us denote the Von Mises distribution for ¢i by 

M(O,; % Q,)=[ETrlo(Q,)] -~ exp[Q, cos(O,-  q,)]. 

We obtain 

(a) P(OIR+,R-)=M(O;~,  Q), (5a) 

where Q = 2lz, I R+ R-/(1 - Z~). 
Equation (5a) has already been obtained by Haupt- 

man (1982) and Giacovazzo (1983). It may be noted, 
in accordance with Cascarano & Giacovazzo (1984), 
that the distributions P(F'~[ R ÷, R-) or P( Re] R ÷, R-) 
are implicitly defined by P(OIR +, R-). In particular 
it was found that 

(IF"I 2 IF.+I, IF- I )=¼[IF+i  2+ IF - I  = 

-2IF+IIF-ID,(Q) cos ~:,], (6) 
which provides probabilistic coefficients for a Patter- 
son synthesis devoted to finding the positions of 
anomalous scatterers. 

(b) P(O, IR+,R-~)'--M(O,;O, Q,), (5b) 

where Q,= 2R+Rp/(1-Z9). 

(C) P(cP2IR+,Rp)~-M(dP2;~4, Q2), (5c) 

where Q2 = 2R+Rp/(1 - Z9). 

(d) P(O3IR-,R~)'-'M(03;~4, Q3), (5d) 

where Q3 = 2R-Rp/(1-Z9).  

(e) P(O4[R-,Rp) 'M(04;O,  Q4), (5e) 

where Q4 = 2R-R-J(1-Z9).  
The statistical meanings of ~:~ and ~4 are now clear; 

~:~ is the expected value of • and ~4 is the expected 
value of 02 or 03. The distributions (5b)-(5e) can 
be considered a generalization of the Sim (1959) 
formula (valid for real scattering factors) to the case 
in which the imaginary component of the anomalous 
dispersion is present. If this last one is vanishing, 
then (5b)-(5c) reduce to Sim's distribution. 

4. Joint probability distribution functions where two 
types of anomalous scatterers dre present 

Let us suppose that two types of anomalous scatterers 
are present. Then in analogy with § 2 the more com- 
plex joint probability distribution P(R ÷, R-, 
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Rp, 8 +, 8-, 8p) may be calculated. We obtain 

P(R +, R- ,  R~-, 8 +, 8-, 0;,-) 

~- ( R+ R-R-~/ ,n.3)(1 - Z d 2 ) - l  Q;o ~ 

xexp{-  YI(R+) 2 -  YE(R-) 2 -  Ya(R~) 2 

+ 2 R + R -  Yu cos(8 ++ 8-+yu) 

+ 2g+g-~ Y4 cos(8 + -  8~- + Y4) 

+ 2R -g+ Y5 cos(8- + 8 + + Ys)}, 

where 

(7) 

I"1 = ( 1 -  Iz11~)-1 + Q2/Q3o; 

Y 2  = ( 1 -  Izl1~)-1+ Q2/Q3o; 

Y3 = Q3~; Y4=Q3/Q30, y4= q3; 

Ys=Qa/Q30, y5 = q9; 
Yu {Izl12/(1 1zll2) 2+ 2 2 2 = - QaQ9/Q30 

- [21211 Q3 Q9/( 1 -Iz l l  =) Q~o] 
X COS(~:I + q3 + q9)} 1/2, 

COS Yu = {[Izd/(1-1z, l=)] cos ~:1 

- (Q3Qg/Q30) cos(q3 + qg)}/Yn, 

sin yll = {-[Izl l / (1 - I / d  =)] sin ~1 

- ( Q3 Qg/Q30) sin( q3 + qg) } / I"11. 

Again, 

Q3 = {x~IzIlV (1 -1/11~) = + z~ 

+[2231211Zg/(1- IZl12)] cos(~:l + x3)P/2, 
cos q3 = {[x3lZll/(1-lzd2)] cos(~:l + x~)+ Zg}/Q~; 

sin q3 = {[-Xa[Zl[/(I- IZl12)] sin(~l + x3)}/Q3; 

Q g = [ - x d ( 1 - 1 z ,  lZ)], qg= x3; 

Q~o = zg- z~-[x~/(1 - Izd2)] 

and 

x~ = [Iz, l=z~ + Iz4l 2 -  2lz, I IZal/9 cos(~l-  ~4)]1/2, 

cos x3 = [1/11/9 cos ~1 -Iz41 cos ~4]/x3 

sin x3 = [ - I zdz~  sin ~:1 + Iz~l sin ~:4]/X3. 

Numerous marginal and (or) conditional distribu- 
tions can be derived from (7). For the sake of brevity 
we limit ourselves only to those that can be immedi- 
ately applied in standard procedures for phase 
solution: 

P( ~IR+, R-, R-~) j . 

"" L11 exp{2R+R-Y11 cos(~:+ ~1,)} 

x Io{2gp[ ( g  +)2 y42 +/(~R~- ) 2 y2 

+ 2R + g -  Y4 I"5 9o~crp + Y4 + Ys) ]1/2}. 
/ 

(8a) 

(a) 

(b) P( ~I[R+, R-, R~) 

"" L21 exp{2R+R-~Y4 cos(~l +Y4)} 
+ 2 2 x Io{2R-[(g+)Ey2 l+(gp) Ys 

+ 2R+R-~Y5 Yn cos( ~1 + Yn-Ys)] 1/2} 
(8b) 

(c) P(~3[R+,R-,R~) 

= L3 -1 exp{2R-R-~Y5 cos(q~3 +ys)} 

x Io{2R+[(R-) 2 y 2  + (R~-)2 y2 

+ 2R-Rp Y4 Yll cos(~3 - Y4 + Yl,)]1/2}. 
(8e) 

L~, i = 1, 2, 3, are suitable scale factors whose alge- 
braic expression can be omitted. 

Unlike distributions (5), the new conditional distri- 
butions (8a), (8b), (8c) are not of Von Mises type. 
They may usefully be compared with (5a), (Sb) and 
(Sd) respectively. In particular, both (5) and (8) take 
into account the maximal information available when 
one or two types of anomalous scatterers are present. 
However, information would be lost if (5) were 
applied when two types of anomalous scatterers are 
present. 

From (7), the following conditional distribution of 
Rp is obtained: 

P( R-~[R +, g - )  "-" 2 YaR-~ exp{- Y31[ g2(g~)2 

+ r2(g+)2 + g~(g-)2]}A/B, (9) 

where 

A= Io(2R+R- Yu)Io(2R+Rp Y4)Io(2R-R-~ Ys) 
oo 

+2 E c°sm(yn-Y4-ys ) Im(2R+g-Yu)  
m = l  

x I,,,(2R+R-~Y4)Im(2R'~R-Ys), (10) 

B = Io{2R +R-[ Y21 + y2 y2/y~ 

+2(Y4YsYn/Ya) cos(y4+ ys-yn)]l/2}. (11) 

The convergence of the series (10) is not very fast. A 
useful approximation of (9) is (see Appendix) 

P(Rp]R+,R -) 
- 1  + 2 + 2 --~ L Rp exp{- y ; l [  y~(Rp) 

+ a COS (Y4 + Y5 -- Yu)]} 

Xlo(2R+R-~Y4)Io(2R-R-~Ys)/Io(a), (12) 

where L is a scaling factor and a is a quantity defined 
by the equation 

Dl (a )  = DI(2R+R-Yn)DI(2R+R-~Y4) 

x DI(2R-R+ Ys). (13) 

Equations (9) and (12) can provide estimates of 
the pseudo-normalized structure factors of the p 
anomalous scatterers. The value (R+[ R +, R-)  may be 
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Table 1. A comparison of the discrepancy factors R, 
immediately following (14), for ferredoxin, for the ncs, 
the cs and all reflexions, using Rossmann's estimate 
[(14)] and ours [(6)]; n is the number of reflexions 

ncs  cs All 

(14) (6) (14) (6) (14) (6) 
0-46 0.35 1 0.61 0.58 0.41 
n = 2604 n = 724 n = 3328 

Table 2. The coordinates (x l0  a) of the 11 highest 
peaks in the Fourier map and the corresponding 
intensities (in parentheses the published positions of the 

eight Fe atoms are given) 

x y z I 

7511 172 4865 1962 
(7546) (166) (4862) 
8342 222 5156 1728 

(8328) (253) (5142) 
9569 2508 3341 1707 

(9536) (2537) (3354) 
418 2491 3445 1687 

(407) (2523) (3453) 
7917 779 4828 1648 

(7906) (776) (4773) 
9935 1908 3620 1349 

(9937) (1936) (3614) 
38 2065 2966 1322 
(5) (2089) (2957) 

7692 682 5409 1286 
(7665) (617) (5402) 
7126 770 5194 677 
8290 338 4477 600 
6006 1396 166 586 

used, as weJl as (6), as a Fourier coefficient in a 
Patterson synthesis devoted to finding the positions 
of the anomalous scatterers. 

5. Practical applications 

To gain an insight into the efficiency of the various 
formulas described above we applied some of them 
to the calculated structure factors of ferredoxin from 
Peptococcus aerogenes (Sieker, Adman & Jensen, 
1972), which crystallizes in P2~212~ with a = 30.52, 
b = 37.75, c = 39.37/k and Mr -~ 6000. There are eight 
iron atoms in the molecule. Attempts to locate the Fe 
atoms by the Patterson synthesis with ( I F + l -  IF-I) 2 
as coefficients failed because of the noise in the map 
and the complexity of the Fe-S clusters. The structure 
was solved by Adman, Sieker & Jensen (1973) by 
means of heavy-atom derivatives. In our tests data 
up to 2/k resolution were calculated and Fe atoms 
were supposed to be the anomalous scatterers with 

f ' = - l . 1 8 ,  f " =  3.20. 

In order to compare the accuracy of the estimates (6) 
with respect to Rossmann's (1961) estimates 

IF"I2=¼(IF+I-IF-I)2 , (14) 

Table 3. Average values of liP11 and I =l for various 
ranges of Q1 and Q2 for ferredoxin 

n(n~ ~- n2) is the  n u m b e r  o f  ref lexions  in the  ranges  in w h i c h  Q~ 
has b e e n  d iv ided .  

q, n (1~,1>(o) <1~1>(o) 
Qt ~ 2 123 24 23 

1 -< Qt < 2  112 33 32 es 
0.5 ~ Q, < 1 132 57 55 reflexions 

0 -  Q~<0.5 357 76 73 

Qi ~ 2 524 31 24 
1 <- Q~ < 2 631 55 43 ncs 

0.5 -< Q~ < 1 660 72 57 reflexions 
0-< Q ,<0 .5  789 83 68 

Qi -> 2 747 29 24 
1 <- Q~ < 2 743 52 42 All 

0.5 ~ Qi < 1 792 69 57 reflexions 
0-< Qi <0.5 1146 81 70 

we calculated the R factor 

R - Z I IFt%el- IF~,cl /E IFt'2,d. 

where [F"~c[ is given by (6) or (14). The outcome is 
shown in Table 1. We note: 

(a) estimates provided by (6) are markedly more 
accurate than Rossmann's estimates; 

(b) according to Rossmann, F " - 0  for cs 
reflexions, while better estimates are provided by (6), 
even if they are poorer than for the ncs case. That is 
because we used the distribution p(qb) valid in P1 
in order to estimate IF"l 2 for cs reflexions. It is hoped 
that better results will be obtained when appropriate 
distributions vaid for cs reflexions are available. 

In spite of this drawback all the IF"[ estimates (cs 
and ncs) were elaborated by a typical run of the SIR 
program (Nunzi et al., 1984). Two one-phase and 20 
two-phase seminvariants were actively used in the 
expansion procedure together with 5439 relation- 
ships. They were strengthened by the Plo formula 
(Cascarano et al., 1984). A magic-integer permutation 
of three reflexions led to 20 possible solutions, the 
third of which (in order of the combined figure of 
merit) revealed the correct Fe structure. In Table 2 
the positions of the highest 11 peaks in the map (the 
published positions of the iron atoms are given in 
parentheses) and the corresponding intensities are 
shown. 

If the positions of anomalous scatterers are known 
(the phase values 0p and 0~ are consequently known) 
then estimates of 0 ÷ and 0- can be obtained by means 
of (5b)-(5e). In order to check the efficiency of these 
formulas we calculated the average values (I tP11) and 
(1 (/)21) for various ranges of Q1 and Q2. The outcome 
for ferredoxin is in Table 3. We note: 

(a) for ncs reflexions the relation Op -~ 0;  and 0 + "-- 
- 0 ;  are sufficiently accurate for Q >-2. The number 
of the corresponding reflexions is sufficiently large to 
constitute a good starting set for phase extension and 
refinement. 
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(b) for cs reflexions the relation 0 += 0~- and 0 +=  
- 0~ are sufficiently accurate when Qi - 1. Thus, infor- 
mation contained in cs phases proves to be not negli- 
gible compared with that provided by ncs phases. 

6. Concluding remarks 

The two main obstacles to overcome when one- 
wavelength methods are used exploiting the 
anomalous dispersion effect are: (a) finding the posi- 
tions of the anomalous scatterers; (b) estimating 
phases of the complete crystal structure when the 
positions of the anomalous scatterers are known. In 
this paper a variety of new formulas has been derived, 
which may be used for both (a) and (b). The practical 
tests (on error-free diffraction data) show that the 
formulas are capable of making better estimates for 
certain magnitudes and phases, and also lead to the 
heavy-atom structure. 

APPENDIX 

In accordance with Stephens (1963) and Giacovazzo 
(1979) the following approximation holds: 

(3O 

1+2 ~ Dm(x)Dm(y)Dm(z )cosm(~o-q)  
m=l 

= 2qrM(q~; q, a),  

where a is the solution of the equation 

DI(O~) = DI(X)Dx(y)DI(z) ,  

(A1) 

and M is the Von Mises distribution. 

In accordance with (A.1) we can write (10) as 

A[ Io(2R + R -  Y,1) Io(2R + R~- Y4) Io(2R-R~ I:5) ]--1 
o o  

= 1 + 2  ~ Dm(2R+R-Yl l )Dm(ER+RpY4)  
m=l 

XDm(ER+R-Ys)  cos m ( Y l l - Y 4 - Y 5 )  

~- 2 ~rM (y4 + ys - yla ; O, a ), 

where a is given by (13). 
Replacing (A.2) in (10) and in (9) gives (12). 

(A2) 
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Powder Diffraction with Synchrotron Radiation. I. Absolute Measurements 
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Abstract 

Accurate measurements of the integrated intensities 
of several reflections from a standard powder sample 
of Ni have been made using monochromatic syn- 
chrotron X-ray radiation of wavelength 1.5413 A 
from a perfect double-crystal S i ( l l l )  mono- 
chromator. A perfect G e ( l l l )  analyzer crystal was 

*Present address: Department of Physics, University of 
Helsinki, Siltavuorenpenger 20D, Helsinki 17, Finland. 

mounted on the detector arm of the diffractometer to 
serve as a narrow 'angular' receiving slit. The 
intensities were placed on an absolute scale by appli- 
cation of the appropriate powder diffraction 
expressions, which require the incident photon 
counts, the axial and equatorial openings of the 
receiving 'slit', and the polarization factor to be 
known. The procedure for evaluating these instru- 
mental parameters is described in some detail. The 
quantitative agreement between these and previous 
absolute measurements on a standard Ni sample with 
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